Braneworld non-minimal inflation with induced gravity 
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I. INTRODUCTION 

Although the standard big bang cosmology has great 
successes in confrontation with observation, it suffers 
from some shortcomings such as the flatness, horizon 
and relics problems. It has been shown that an accel- 
erating stage during the early time evolution of the uni- 
verse with a > (p < — p/3) has the capability to solve 
these problems. This is the early time inflationary stage. 
The inflation also provides a mechanism for production 
of density perturbations needed to seed the formation 
of structures in the universe. It has been shown that a 
simple scalar field (usually dubbed inflaton) whose en- 
ergy dominates the universe and whose potential energy 
dominates over the kinetic term (the slow-roll conditions) 
gives the required inflation 0, H, S S, 1, H, 0, [|| . Despite 
the great successes of the inflation paradigm, there are 
several problems with no concrete solutions: natural re- 
alization of inflation in a fundamental theory, cosmolog- 
ical constant and dark energy problem, unexpected low 
power spectrum at large scales and egregious running of 
the spectral index are some of these problems @- An- 
other unsolved problem in the spirit of the inflationary 
scenario is that we don't know how to integrate it with 
ideas of the particle physics. For example, we would like 
to identify the inflaton, the scalar field that drives in- 
flation, with one of the known fields of particle physics. 
Also, it is important that the inflaton potential emerges 
naturally from underlying fundamental theory 

Braneworld scenarios open new windows to address at 
least part of these difficulties [T3, EH ■ One of the various 
braneworld scenarios, is the model proposed by Dvali, 
Gabadadze and Porrati (DGP). This setup is based on 



a modification of the gravitational theory in an induced 
gravity perspective [lj, El, EH EH ■ This induced gravity 
term in the brane part of the action, leads to deviations 
from the standard 4-dimensional gravity over large dis- 
tances. In the DGP model, the bulk is a flat Minkowski 
spacetime, but a reduced gravity term appears on the 
brane without tension. Some aspects of the braneworld 
inflation in the pure DGP setup are studied in [l6|, E3|- 
Maeda, Mizuno and Torii have constructed a braneworld 
scenario which combines the Randall-Sundrum II (RS II) 
[lH and DGP models [l9j]. In this combination, an in- 
duced curvature term appears on the brane in the RS 
II model. This model has been called the warped DGP 
braneworld in literatures [IH HH, HH, [23[ ■ Some aspects 
of the inflation on the warped DGP setup are studied in 

Refs. (HEllilEil. 
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We note that in a braneworld setup, the induced grav- 
ity on the brane arises as a result of quantum corrections. 
For instance, in the Randall-Sundrum II braneworld sce- 
nario quantum corrections arise due to induced coupling 
between brane matter and the bulk gravitons. The in- 
duced gravity leads to the appearance of terms propor- 
tional to the 4-dimensional Ricci scalar in the brane part 
of the action. While the RS model gives high-energy 
modifications to general relativity, the DGP braneworld 
produces a low energy modification that leads to late- 
time acceleration of brane universe even in the absence 
of dark energy. The RS II braneworld scenario modifies 
certainly the high energy, ultra-violet (UV) sector of the 
general relativity. Also the DGP gravity is essentially 
a low-energy, infra-red (IR) modification of the general 
relativity. Since the warped DGP scenario contains both 
UV and IR modifications simultaneously, inflation in a 
warped DGP setup is physically more reasonable than 
the pure RS II or DGP case. An important issue we 
are interested in this paper, is that whether high-energy 
inflation is subjected to the induced gravity effect. If 



2 



the induced gravity correction takes the dominant role, 
then there is no RS-type high-energy regime in the early 
universe and we recover the DGP model. From another 
perspective, as the energy scale of inflation grows, the in- 
duced gravity correction acts to limit the growth of am- 
plitude relative to the 4D case [3, [H, [H, iSl • Although 
induced gravity is an IR modification of General Rela- 
tivity and it seems that these modifications have noth- 
ing to do with inflation, however the mentioned points 
are important enough to be the reason for study of the 
warped DGP-braneworld inflation. We note also that as 
has been shown in 16], brane assisted inflation may be 
equally successful beyond general relativity. It has been 
proved that this is the case in the RS and DGP mod- 
els provided certain conditions hold. Since we considered 
the normal branch of solutions, as has been shown in 
the conditions for the occurrence of inflation are less 
restrictive. 

On the other hand, considering a braneworld setup has 
the advantage that bulk fields such as Radions (for stabil- 
ity purposes) can have projection(s) on the brane that is 
a suitable candidate for inflaton field on the brane. The 
projection of the bulk inflaton on the brane behaves just 
like an ordinary inflaton field in four dimensions in the 
low energy regime. While the origin of inflaton field in 
standard 4D case is not so trivial, in a braneworld picture 
we can imagine this field as a projection of bulk field(s). 
This may help to reduce at least part of lacuna of stan- 
dard scenario. We note also that as has been shown in 
11], inflation in warped de Sitter string theory geome- 
tries bypasses the difficulties of computing corrections to 
■q slow-roll parameter relative to the effective four dimen- 
sional perspective. 

Since inflaton can interact with other fields such as 
the gravitational sector of the theory, in the spirit of 
scalar-tensor theories, we can consider a non-minimal 
coupling (NMC) of the inflaton field with intrinsic (Ricci) 
curvature on the brane. Braneworld model with scalar 
field minimally or non-minimally coupled to gravity have 
been studied extensively (see [28[ and references therein) . 
We note that generally the introduction of the NMC 
is not just a matter of taste. The NMC is instead 
forced upon us in many situations of physical and cos- 
mological interest. There are compelling reasons to in- 
clude an explicit non-minimal coupling in the action. 
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For instance, non-minimal coupling arises at the quan- 
tum level when quantum corrections to the scalar field 
theory are considered. Even if for the classical, un- 
perturbed theory this non-minimal coupling vanishes, 
it is necessary for the renormalizability of the scalar 
field theory in curved space. In most theories used 
to describe inflationary scenarios, it turns out that a 
non-vanishing yalue of the coupling constant cannot be 
avoided j2lj3fJj3^j3gJM |M M, M, [37, 



|41|, [42|, |43l |4J, |45|, |4fl |47J, M Ml, Ml, 
Nevertheless, incorporation of an explicit non-minimal 
coupling has disadvantage that it is harder to realize in- 
flation even with potentials that are known to be in- 
flationary in the minimal theory [29|, |3(| Using 
the conformal equivalence between gravity theories with 
minimally and non-minimally coupled scalar fields, for 
any inflationary model based on a minimally-coupled 
scalar field, it is possible to construct infinitely many 
conformally related models with a non-minimal cou pling 

[§' § § [5 ~' ~' ~' Q 

ever, an important question then arises: are these confor- 
mally related frames really equivalent from physics view- 
point? This issue has been considered by several authors 

m m m m m m m m m ii and as & part of 

our primary goal, we are going to address this issue from 
a detailed comparison of the inflationary parameters in 
these two (Einstein and Jordan) frames. 

Based on the mentioned preliminaries, in this pa- 
per we study cosmological inflation on a warped DGP 
braneworld where inflaton field is non-minimally coupled 
to induced gravity on the brane. We present a detailed 
calculation of the perturbations and inflation parameters 
both in Jordan and Einstein frame by adopting quadratic 
and quartic potentials. We analyze the parameter spaces 
of the models with details to have a comparison between 
two frames and also in order to constraint these models 
in confrontation with recent observational data. 



II. BRANEWORLD INFLATION WITH 
INDUCED GRAVITY IN JORDAN FRAME 

The action of a warped DGP model in which a single 
scalar field is non-minimally coupled to induced gravity 
on the brane can be written in the following form 



S = 



24 



,(5) 



i? (5) - 2A 5 



d A x\J—q 



2k\ 



R + lm R -x - x - q ^d^d vV - v(<p) 



(i) 



where k| is the five dimensional gravitational constant, 
R is the induced Ricci scalar on the brane, is 5- 

dimensional Ricci scalar, A is the brane tension and A5 
is the bulk cosmological constant. Also q is the trace 
of the brane metric, q^ u . We remind that the mentioned 
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action results in pure DGP modelfil[ll[l| if A = and 
A 5 = 0, and pure RSII model [l8[ if /i = where fi is a 
mass scale which may correspond to the 4D Planck mass 
[l9l | . Also f(p) shows an explicit non-minimal coupling 
of the scalar field with induced gravity on the brane. We 
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note that the fields and their interactions on the brane at 
the classical level will be determined by the bulk physics 
through boundary conditions on the brane. For instance, 
if <E> is assumed to be a bulk scalar field, as has been shown 
in [H H [ZQl, [HI, III , the effective field on the brane will 
be tp = y/r^Q and V((f) = ^V(^=) through junction 

conditions on the brane. Also as we will show (see Eq. 

4 

(6) below), A5 = — ^fA 2 . So, these parameters cannot 
be freely adjusted and are influenced by bulk physics. 

The generalized cosmological dynamics in this setup is 
given by the following Friedmann equation 

tt2 _ K l n , K 4\ , 2k 4 



± 



4- 4 n -4- 4 \ 



A5 
6 



(2) 



where p v , the energy- density corresponding to the non- 
minimally coupled scalar field is defined as follows 



Pv = \^P 2 + V(<p) 



t'{<p)H<p, 



(3) 



and the corresponding pressure is given by 

Pv = ~v 2 -V(<p)+2f\^+4f'( l p)H<p+2f"( l p) l p 2 . (4) 

We note that in this paper a prime represents the deriva- 
tive with respect to the scalar field and a dot marks 
derivative with respect to the cosmic time. Now let's 
to introduce the effective cosmological constant on the 
brane as 



we put the effective cosmological constant equal to zero. 
In this way, we find 



A, 



v 5 \2 



(6) 



So, we can rewrite the Friedmann equation (2) as follows 



- T* 



2 K A 



2k 



±^in+^+^-^-i, (7) 
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Also, the second Friedmann equation is 



H = ^p v ± 



4- 2C 

Q H P<p T" 



-A 2 



c 

77T 



(8) 



■ + 3 pip + 3 3 g - 

Variation of the action (1) with respect to the scalar field 
gives the following equation of motion 



(9) 



In the slow-roll approximation, where (p 2 <C V(<p) and 
(p. <C |3-ff<yi|, energy density and equation of motion for 
scalar field take the following forms respectively 



p v ~V(<p)-6f'(<p)H<p, 



(10) 



a 9 \ 6/C4 . 

Aeff — K4A H -j- ± 




(5) 



3ff<&-i/'(vOJJ+^~0. 



(11) 



Since we are interested in the inflationary dynamics 
driven by a scalar field with a self-interacting potential, 
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Also, the Friedmann equation now takes the following 
form 



B 2 ^V- %f»R+ *£fV + ^\+ 2 4± 2 4M + ^V(p) - S/** + fff'V + S A - ^A 2 - ^ . (12) 



r 



Now, we define the slow-roll parameters as follows 



In the slow-roll approximation and by using equation (12) 
we find 



H 



1 H 



(13) 



and 



1 V' 2 



LY1 



x B{tp) , 



(15) 
(16) 



(14) where by definition 
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AM = T7J 



f'R 
2V' 2 



V - 2f'f"R + 2f"V + 2f'V" 



1 ± 



V>-2flf"R+2f"V' + 2f 



V" j 



(17) 



1 4- x f' 2R 4- 2 /' y ' i 6k 1 _|_ 6 /«t 7 k 1t/ «4 f/2 E> 7 2k 1 jvt// i_ K l \ K i \2 C 



and 



B{<p) 



f'R 
2V" 



1 + 4- 



f' 2 R , 2/'y 



As we will show, these parameters which reflect the 
braneworld and non-minimal nature of our model, in the 
large held regime intensify the increment of the slow-roll 
parameters. Inflation can be attained only if {e 7 i]} < 1; 
once one of these parameters reaches unity, the infla- 
tion phase terminates. We note that A(p>) and B((p) are 
contributions originating from braneworld nature of the 
setup and also the non-minimal coupling of the scalar 
held and induced gravity on the brane. 



tff ,2 R + ^ff'V + !f\ - § A 2 - £ j 

I 

The number of e-folds during inflation is given by 

N = I ' S Hdt, (19) 
Jti 

which in the slow-roll approximation can be written as 
r<Pf i 

Na L m JF^V^' (20) 

where tpi denotes the value of ip when the universe scale 
observed today crosses the Hubble horizon during infla- 
tion and ipf is the value of ip when the universe exits the 
inflationary phase. For a warped DGP model with non- 
minimally coupled scalar field on the brane, this quantity 
in Jordan frame becomes 



N 




k\ 1 / K 4 



4f' 2 R , 2k 2 fV , 2k\ 



± 



fV(v)-ff' 2 R + 



^1 tiy + - 
3 J 3 



4 A-^A 2 - 
36 



dip .(21) 



After presentation of the main equations of the setup in III. PERTURBATIONS IN JORDAN FRAME 

Jordan frame, in the next section we consider the scalar 
perturbation of the metric since the key test of any in- 
flation model is the spectrum of perturbations produced 

due to quantum fluctuations of the fields about their ho- 

, , , , In a warped DGP braneworld model, the effective co- 

mogeneous background values. . 1 . ' . 

variant equations on the brane for an arbitrary brane 
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metric and matter distribution is given by [73 



where 



rr 1 ° 1 1 f 



(22) 



(23) 



t m „ is the total stress-tensor on the brane and is defined 
as 



(24) 



where T^ Ul the energy- momentum tensor of a scalar field 
non-minimally coupled to induced gravity on the brane 
is given by 

Tp„ =9ii.>,(~fR - ]^g af} d a Lpdp(p -V(<p)j +d,j,(pd v <p 



—fRuv 
Also we have 



c mrs n n N q n q „, 



(25) 



(26) 



where C MRS N is the five dimensional Weyl tensor and 
tia is the spacelike unit vector normal to the brane. 

Depending on the choice of gauge (coordinates), there 
are many different ways of characterizing cosmological 
perturbations. In longitudinal gauge, the scalar metric 
perturbations of the FRW background are given by [74l . 
Izllzi 

ds 2 = -(1 + 2$)di 2 + a 2 (t)(l - 2^)8 i3 dx l dx\ (27) 

where a(t) is the scale factor on the brane, $ = <f>(t,x) 
and if? — if?(t,x) are the metric perturbations. For the 
above perturbed metric, one can obtain the perturbed 
field equations as follows 



(28) and (29), p e ff and p e ft can be obtained from the 

2 

standard Fricdmann equation H 2 — -^-peff as follows 



Peff = P v + A + 



6kI 



6 k 2 



y A_ 36 A ~^ 



(32) 



By using the continuity equation, p e ff + 3H(p e ff 
Peff) = 0, one can deduce 



Peff =P V ± 



P v +P v 



4 C 



V + + ~ 36 ^ 



-A- 



«t ni \ k% 3 3 36 a 4 



So, the perturbed effective density and pressure can be 
written as 



6 p e ff = 5p v ±-^ 



5 / K i J- K 4 n -I- K i \ K 5 \2 pO 



where = -^r and 



(34) 



Speff = 5p ip ±~5 



5p v - ^5E° 



V + "3" Pv + "3" 36 _ii 

4 ■ (35) 



5Eq can be calculated from the general definition of 8E£ 

as 



SEt, = -, 



2 / a^ge 

a- 1 ^ \8p E 5 l 3 + {5n E )) 



(36) 



3fl"(ff $ + ) - -j = -^5p, 



*+3 J ff( J ff$+*)+ J ff$+2iJ$- 



3a 2 



(28) 



(29) 



\f> - (f> = 8ttG- 



k\{H + 2H 2 ) - H 



a 2 S-KE ■ 



.(30) 



(31) 



The anisotropic stress perturbation is defined as <57Ty = 
[didj + (k 2 /3)5ij}5ir, where n is the trace of ir^ . So, 
Site is the anisotropic stress perturbation. In the Eqs. 



The (gauge-invariant) scalar perturbations of E^ can 
be parameterized as an effective fluid with density per- 
turbation SpE, isotropic pressure perturbation ^Sps, 
anisotropic stress perturbation Site and energy flux per- 
turbation SqE (see [z3,[zl]). Also Sp v and 5p v take the 
following forms 



Sp v = ipSip — ip 2 $ + V'Sip + 5p n 



(37) 



where 



5p n 



3H 2 + (D + VoV )/ 



□ + V V° 



f'S<P 



$> - m 2 f + f5R° 
k 2 



(- 



3H)<f> 



2k 2 



* - 3 if + 4Hf + H<f> + H + 4H 2 <f> 



f, (38) 
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and 



where 



fipnmc 



Sp v = LpSip — </9 2 <£> — V'Sip + Sp r , 



(39) 



fRki- {gkiU- V fc V l )/ 



-6g ki f(H + 2H 2 ) 



f'(R k i + Qg k i{H + H 2 )) 



fc 2 
« 2 



2fc 2 

"^2 



+i? + 4ff 2 $) ^ + / <5i? fe4 + ( 5fei D - VfeVi) f'Scp 



(40) 



Equations (37) and (39) in the minimal case and within 
the slow-roll conditions reduce to 5p v — ^Stp and 

Sp v = — ^5ip respectively. By perturbing the equation 



of motion of the scalar field (11), one obtains 
Sip + 3H5ip + (v" 



+$(Rf -2V') + f 
-3(* 



— -'3H)<S>- 



2k 2 



+ H<f> + H<I> + AH 2 <$> 



(41) 



Now the scalar perturbations can be decomposed to 
an entropy or isocurvature perturbation (the projection 
orthogonal to the trajectory), and adiabatic or curvature 
perturbations (projection parallel to the trajectory). The 
isocurvature perturbations are generated if inflation is 
driven by more than one scalar field [24], HE [ill H(| or 
it interacts with other fields such as the induced gravity 
on the brane [26|, |27|. The adiabatic perturbations are 
generated if the inflaton field is the only field in inflation 
period [H, H3, [El IS HI • Here, since the inflaton field 
is non-minimally coupled to the induced gravity on the 
brane, the entropy perturbations are presented in this 
setup [8ll . l82j |. A gauge-invariant primordial curvature 
perturbation can be defined as follows 83] 



C = * - — Sp . 
P 



(42) 



This definition is valid to first order in the cosmological 
perturbations on scales outside the horizon. On uniform 
density hypersurfaces where Sp = 0, the above quantity 
reduces to the curvature perturbation, In the warped 
DGP model and within the Jordan frame, we should re- 
define Eq. (42) as 



H 

Peff 



(43) 



Now, by using the energy conservation equation for linear 
perturbations (in an arbitrary gauge) 

Sp eff + 3H(6 Peff + S Peff ) + 3{ Peff +p ef f)y = 0, (44) 

we can find the variation of £ with respect to the confor- 
mal time as 



Sp, 



eff 



Peff + Peff 

3(Peff+Peff) 3{Peff +Peff) [ 



•Spejf , (45) 



where p e f f and p e f / are given by time derivatives of equa- 
tions (32) and (33) respectively. 

One can split the pressure perturbation (in any gauge) 
into adiabatic and entropic (non-adiabatic) parts (see for 
instance Ref. [sH) 



s Peff = c 2 s Sp eff +p e ffT 



(46) 



where c 2 = S^- is the sound effective velocity. The non- 
adiabatic part is Sp na d = Pef /T , where T represents the 
displacement between hypersurfaces of uniform pressure 
and density. From equations (34)-(40) we can deduce 



Spnad = (1 - C 2 s )Sp ef f - ^2V'S(f + 5 p n 

1 



Sp n 



1± 



-p<p 



36 A ~ ^0 



=F 



3/2 



6k 2 



(47) 



Using the equations (28)- (30) we can rewrite this rela- 
tion as 



G 



\k [HQ + * J + \ J8E Q + -^SE° (l - 1 




$ Prime 



V 

) 

6k 2 V 



)nmc dx ' 



] -4— [ SEfdx^l, 

^5 P V V J J 



(48) 



where /C, J and X are defined as 
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«5 P<P<P 



-3 ^2VV + p nmc - jw^Z + jg^JI - x ) - ZJz(v<P + V'<p + Pnmc + %E&H 



J 



and 



ft 4 



, Pip + Pip 



r-c-o 



6«| 



i K 4 \ K 5 \ 2 I?0 



3/2 



(50) 



1 ± 



K l „ _|_ K 4 \ K t \2 pO 



(51) 



respectively. Now we can rewrite the equation governing 
on the variation of £ versus the time in terms of the 
model's parameters. From equations (44)-(48) we find 



K iPeff / , , 

C = rsm ~ \ I "Prime - op n 



9H(p eff +p eff ) 



JEW I 



3If(p e// +p e// )|/ + 3^ ^ 



2(ff$ + *) 

3H(p ef f+p ef f) 



PeffK- 



In the minimal case and within the standard model, the 
entropy perturbation vanishes for long wavelength; we 
have £ = and the primordial spectrum of perturbation 
is due to adiabatic perturbations. But, it is obvious from 
equation (48) that in a DGP-inspired non-minimal setup, 
there is a non- vanishing contribution of the non-adiabatic 
perturbations, leading to non-vanishing £, which affects 
the primordial spectrum of perturbation. We note that 
isocurvature perturbations are free to evolve on super- 
horizon scales, and the amplitude at the present day de- 
pends on the details of the entire cosmological evolution 
from the time that they are formed. On the other hand, 
because all super-Hubble radius perturbations evolve in 
the same way, the shape of the isocurvature perturbation 
spectrum is preserved during this evolution [85, 86]. 

Here we are going to obtain scalar and tensorial pertur- 
bations in our model. We take into account the slow-roll 
approximation at the large scales, k -C aH, where we 
need to describe the non-decreasing modes. Then by us- 
ing the relation between Ricci scalar and H and H, we 



find from equation (41) 

3H8(j> + (V" - ^f'RjSip ~ ®(2f'R - 2V') . (53) 
We note that the reason for large scale assumption is 
that the scales of cosmological interest (e.g. for large- 
scale CMB anisotropics) have spent most of their time 
far outside the Hubble radius and have re-entered only 
relatively recently in the Universe history. In this respect, 
in the large scale the condition k <C aH is an acceptable 
assumption. As has been shown in Refs. [13, H^, when 
this condition is satisfied, "J and can be neglected. 
In fact, for the longitudinal post-Newtonian limit to be 
satisfied, we require that A\I/ » a 2 H 2 xf^, *), and 
similarly for other gradient terms [87l |88| . For a plane 
wave perturbation with wavelength A, we see that H 2 *& 
is much smaller than AvP when A -C jj- The requirement 
that \& be also negligible implies the condition 



< 



jxffrp (with £ = log a), which holds if condition A <C jj 
is satisfied for perturbation growth. This argument can 
be applied for # and the other metric potential, $ too. 
By adopting a similar reasoning, form Eq. (30) we have 



(52) 



(fiSip . 



(54) 



In writing the 
and (54), we can deduce 



above equation we used the relation 
if). By using equation (53) 



3H5<p- 



V 



- \f" R 



5tp 



2f'R - 2V' 



'-P<p 



ipSip 



I SE° dx l 



By defining a function T as 

V ' 

equation (55) can be rewritten as 



<p5(p . 



(55) 



(56) 
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T 



6k| 



V'-f'R)(^ + ^jSE9dx 



1 + if A?/ )[p v + A 



± 



A 2 



c 

77T 



l/ 7 ^ - V" 



V 



(57) 



A solution of this equation is J- — Cexp(J ^dip), where 



I 

C is an integration constant. So, from equation (56) we 
hnd 



Sip = C V exp 



V - f'R 



'-Pip 



ipSip 



36 ' 



\f"R-V" 

hf'R - v 




(58) 



For simplicity we define the following quantity 



Q = 



-2 (V'- 



y'R)(ip v + ^fSE9dx' 



K 4 \ K 5 \2 

3 36 



/"i? - 2 V" 2V" 
i/'i? - V + ~W 



(59) 



r 



As we have stated, brane parameters cannot be deter- 
mined freely and are influenced by bu lk p hysics through 
boundary conditions (see for instance [89| for details). In 
our case, the term -rj— J 5E® dx l in Eqs. (58) and (59) 
which is a non-trivial contribution of the bulk on the 
brane is neglected in our forthcoming arguments. This 
means that we assume backreaction due to metric pertur- 
bations in the bulk can be neglected (we refer the reader 
to [z3, iH, [§1 HI for details and justification of this 
assumption). Based on the arguments provided in [73j . 
our assumption of neglecting the bulk-brane interactions 
in this study is viable. Now with definition (59), Eq. (58) 
can be rewritten as 



Sip = CV'cxp[ / Qdp 



(60) 



So, the density perturbation is given by 
fc 3 



At 



2tt 



2 exp ( 2 / Qdip 



(61) 



where the effects of the non-minimal coupling of the 
scalar field and induced gravity on the brane are hid- 
den in the definition of Q. The scale-dependence of the 
perturbations is described by the spectral index as 

1 = 7hT#- (62) 

The interval in wave number is related to the number of 
e-folds by the relation 



d\nk(p) = dN(p) . 



So we obtain 
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n s = 1 - 3e + -i] 
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2k 4 14 + ^ v ^_^ f)2R + ^ f , v , + 4 x _<4 X 2_£_ 

3 36 a 



v 



if'R 



3V 



(63) 



The running of the spectral index in our setup is given 

by 

I 



a = 



dn s 
dink 



6e 2 + 2erj - 



1 f"R-V" 



tf 4 



V'" - -f'R 
2 



(f'R - 2V' 1 



Iff 

2 



{y'R-vy 

-±(y>-y>R)(i Pv ) 



* + £( (v .->r*)(. + ^) + * 



V - if'R 1 



3H 4 



, f'R - 2V" 3H 



+ V + ± TJ7 



- V H 2 



(64) 



r 



The tensor perturbations amplitude of a given mode when leaving the Hubble radius are given by 



4k 



4 tj2 



25tt 



(65) 



k=aH 



In our setup and within the slow-roll approximation, we 
find 



4-K 2 

T 25tt 



1 

V 



4f' 2 R , 2k 2 J'V , 2k 4 



+ 



2k 



2^ 



K 5 



36 



(66) 



r 



The tensor spectral index is given by 



riT 



din A\ 
dink 



(67) 



that in our model it takes the following form 
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24 



24 



24 



ff' 2 R+^f.f'V' + ^X 



3A 2 
36 



(68) 



where £ is defined as 



V" - 2/"/'i2 + 2/"V + 2/'V" 



tf 2 



x 1 ± 



K4 



(69) 



In terms of the slow-roll parameters, the tensor (gravita- 
tional wave) spectral index can be expressed as 



TIT 



-2e. 



(70) 



The ratio between the amplitudes of tensor and scalar 
perturbations (tensor-to-scalar ratio) is given by 



871-K4 



exp J —Gdip 



25 



C 2 V' 2 k 3 



(71) 



After a detailed calculation of the perturbations in Jor- 
dan frame, now we present an explicit example to see how 
previous equations work. 



I 

where £ is a constant parameter. Also we choose the fol- 
lowing form of the original scalar field potential in Jordan 
frame 



V = -% 2m 
2rn 



(73) 



IV. 



AN EXPLICIT EXAMPLE: MONOMIAL 



CASE WITH / ~ ip 2 AND V ~ p 



2m 



In this part, we take a monomial form of f(ip) as 

m = & 2 , (72) 



with constant 6. In which follows, we intend to study two 
types of potentials: quadratic potential with m = 1 and 
quartic potential with m — 2. Further, we shall compare 
the outcomes of these two cases. By using equations (72) 
and (73) we rewrite the slow-roll parameters (Eqs.(13) 
and (14)) as 



i±- 



5 \2 
" 36 A 



^V^ + ^ 2 ~ + ^ 2 ^^ 2fl+ ^ ?6v2+ ^ A ~^ A2 J 



1+ 



l>:.p" 



Sj 2 R , 9J . , 12 *4 I 



1 



b 2 ip 7 



(b(p 3 - 8£ 2 <pR + 16^b(p 3 ) 



m = 1 



(74) 
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and 



b— g/v 



-+8C+- 



l -b v 2 - + 



'-\ 2 



n= < 



( 1 _ £,R \ 



(75) 



Other inflation parameters such as ns, nx and r can be 
expressed in terms of e and r/. We neglect presentation 
of these quantities here due to very lengthy structure of 
these equations. In which follows we perform an analysis 
on these parameters space. 

A. Quadratic Potential: V(ip) = |<^ 2 

The first inflaton potential we analyze is the quadratic 
potential, the case with m = 1 in equation (73). The fol- 
lowing figures are created as the outcome of our analysis 
of the model parameter space (we note that in all figures 
we have set K4 = K5 = b = 1). Since R = 6(H + 2H 2 ) 
and H is nearly constant in the inflation epoch, we can 
consider in our numerical analysis R to be approximately 
a constant and we set it to unity for simplicity. Neverthe- 
less, we will consider a more general case by ignoring this 
assumption and adopting some reliable ansatz in our nu- 
merical analysis. We note also that all of our numerical 
analysis in this paper are performed for normal branch of 
this DGP-inspired model since this branch is ghost-free 
[9l H, S H3- In the left panel of figure [TJ behavior of 
A((f) as a correction factor to the standard result is de- 
picted versus the scalar field. In this figure (and almost 
in all figures of this paper) we consider three values for £: 
rk. i and \. We note that £ = ~ is the conformal cou- 

° I — T\ I 1 I 1 I 1 

pling of the standard general relativity [29|, |30|, |31|, |98[ . 

The left panel of figure [1] shows that as the scalar field 
decreases from the initial large values, A(<p) increases to- 
ward a maximum and then decreases. This maximum 
has different values for different £. As £ increases, the 
value of the maximum decreases and occurs in smaller 
values of the scalar field. Also, for each value of <p, the 
value of A(ip) decreases as £ increases. The behavior of 
A(<p) affects the behavior of the first slow-roll parameter 
e. This can be seen in the right panel of figured] At large 
scalar field regime, the value of e in warped DGP model is 
smaller than the corresponding value in the standard four 
dimensional model (here we note that in all of our figures 
the solid, black line curve represents the evolution of cor- 



responding parameter in the standard 4D model). As the 
scalar field decreases, e increases. For some value of the 
scalar field, e takes the same value in both warped DGP 
and the standard four-dimensional model. For this value 
of the scalar field, A(ip) = 1. But, at some value of scalar 
field, e reaches its maximum and then decreases. Dur- 
ing this evolution, the behavior of e in the warped DGP 
model is similar to the standard 4D case. With more 
reduction of the scalar field, e deviates from 4D behav- 
ior and as the scalar field decreases, e decreases similar 
to the correctional factor A(ip) . This deviation from the 
4D behavior is due to the presence of the brane tension. 
If there is no brane tension (also, with the zero effective 
cosmological constant), we attain the pure DGP model 
and the slow roll parameter always behaves as what it 
does in 4D model. In high energy regime, the effect of 
scalar field dominates the brane tension, but in low en- 
ergy regime, where the scalar field becomes small, the 
brane tension's effect becomes dominant in the dynamics 
of the model and so we can see the deviation of the stan- 
dard 4D model. During the reduction of e, in some value 
of scalar field where A(cp) reaches to unity, the value of e 
becomes equal to the 4D one again. We note that as for 
A(ip), the maximum value of e depends on the value of £ 
too. As £ increases, the maximum becomes smaller and 
take places in smaller value of the scalar field. It means 
that for larger £, the 4D behavior lasts in wider domain 
of the scalar field values. For all values of £, it is possible 
for e to reach unity and so the inflation has a graceful 
exit in this setup without need to any additional mech- 
anism. In our setup, the slow-roll parameter reaches to 
unity twice. But, we know that the inflation occurs when 
e. i) <C 1. So, the first reaching of e to unity, which take 
places in larger scalar field value, is the end of inflation 
since it reaches to unity from values smaller than 1. 
The behavior of the second correctional factor, B(<p), is 
more or less similar to A(<p). While the scalar field de- 
creases, B increases to a maximum and then decreases 
(see the left panel of figure [2]) . From the right panel of 
figure [21 we can see the effect of the evolution of B on 
the second slow-roll parameter, r\. r\ in the warped DGP 
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FIG. 1. The evolution of the correctional factor A (left panel) and the first slow-roll parameter e (right panel) versus the scalar 
field with a quadratic potential. The presence of the correctional factor, A, causes the e to behave as the standard 4D case in 
the large field regime. In the small field regime, the behavior of e deviates from the standard 4D behavior. 




FIG. 2. The evolution of the correctional factor B (left panel) and the second slow-roll parameter r\ (right panel) versus the 
scalar field with a quadratic potential. The effect of the correctional factor causes the r\ to follow a behavior which deviates 
from the standard 4D behavior in the small field regime. There is a maximum value of r\ at tp = 0. 



model always increases by reduction of the scalar field. 
This is similar to the behavior of rj in the standard four- 
dimensional case. However, due to the presence of the 
correctional factor £>, rj in the warped DGP model does 
not increase strictly as it does in 4D model (see the right 
panel of figure [2]) . There is a maximum value for 77 at 
ip = 0. This maximum, for smaller £, has larger value. 
Since r] can attain the unit value too, the graceful exit 
from the inflationary phase in this model is guaranteed. 
We notify that in non-minimal inflation on the warped 
DGP brane within Jordan frame with a quadratic poten- 
tial, both e and rj are always positive. The next parame- 
ters that we consider are the scalar and tensorial spectral 
indices (shown as n s and tit respectively). In figures [3] 
(the left panel) and [4] we have shown the behavior of 
the scalar and tensorial spectral indices versus the scalar 



field. One can realize the effect of first and second slow- 
roll parameters in the behavior of spectral indices. In 
the large values of the scalar field, both parameters be- 
have similar to the corresponding parameters in the stan- 
dard 4-dimensional model. It means that both scalar and 
spectral indices decrease by reduction of the scalar field 
strength. However, at some values of the scalar field, n s 
and tit reach a minimum and after that they increase, in 
contrast with the standard 4D case. The minimum value 
of these parameters decreases by reduction of £ and take 
places in larger values of the scalar field. So, for larger 
values of £, the standard behavior of n s and ut last in 
larger domain of ip values. The general behavior of n s and 
tit is very similar to e and rj: similarity with the standard 
four-dimensional case in the large scalar field regime and 
deviation from it in the small scalar field regime. 
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FIG. 3. The evolution of the scalar spectral index (left panel) and running of the spectral index (right panel) versus the scalar 
field with a quadratic potential. In the large scalar field regime, the behavior of n s and a are similar to the standard 4D one. 

TABLE I. The values of some inflation parameters with a quadratic potential in Jordan frame at the time that physical scales 
crossed the horizon. 



j_ 

12 



observation 



1.000000000 
0.9667051476 
0.9653928105 
0.9665654212 
0.968 ±0.012 



2.022875231 x 10 -13 
0.1575567389 
0.2094435340 
0.3137965930 
< 0.24(95%CL) 



-3.029161336xl0" 101 
-1.670874757xl0 -38 
-2. 537874469 xlO" 38 
-3.269176612xl0" 38 
-0.022 ±0.020 



In the right panel of figure [3]we see the evolution of the 
running of the scalar spectral index, a, versus the scalar 
field. In the large scalar field regime, the behavior of 
a is similar to the corresponding parameter in the stan- 
dard 4D case and decreases by decreasing the scalar field 
value. But, at some value of the scalar field, a reaches 
its minimum value and then increases toward a maximum 
and after that, it decreases again. The minimum value 
of a take places in smaller scalar field values by increas- 
ing £. So, as £ increases, the 4D behavior of a lasts in 
larger domain of the scalar field. The last parameter that 
we are going to consider, is the ratio between the ampli- 
tudes of the tensor and scalar perturbations (r). We have 
shown the behavior of this ratio versus the scalar field in 
figure [5] Its behavior is similar to the behavior of e in 
general. As the scalar field decreases, r increases toward 
a maximum in some values of the scalar field. Then, it 
begins to decrease. In other words, its evolution in the 
large scalar field region obeys the standard 4D behavior 
and in the small scalar field region, it evolves differently. 
Similar to other parameters, the extremum value of r de- 
pends on the value of £. For larger £, the extremum value 
of r becomes smaller and take places in smaller value of 



ip. So, for larger value of £, the ratio between the ampli- 
tudes of the tensor and scalar perturbations in warped 
DGP model, in larger domain of large ip, behaves as 4D 
model one. 

Now we proceed to calculate some inflation parameters 
with a quadratic potential at the time that physical scales 
crossed the horizon. To find the value of the scalar field 
at the end of inflation, we set one of the slow-roll param- 
eters, e or r], equal to unity to get iff. To find the value 
of the scalar field at the time of horizon crossing, we have 
to adopt another strategy: the horizon crossing occurred 
about 60 e-folds before the end of the inflation. So the 
definition of the number of e-folds helps us to find the 
value of the scalar field at the horizon crossing time, <*phc- 
Now we rewrite the Friedmann equation (12) in the high 
energy limit (p 3> A) as follows 




2k\ 



-V 



M til 



f' z R 




(76) 
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FIG. 4. The evolution of the tensor to scalar spectral indices 
ratio versus the scalar field with a quadratic potential. The 
behavior of r in the large field regime is similar to the standard 
4D one. 




FIG. 5. The evolution of the tensor to scalar spectral indices 
ratio versus the scalar field with a quadratic potential. The 
behavior of r in the large field regime is similar to the standard 
4D one. 



So, the number of e-folds by using equation (21) can be 
expressed as 



N 



ft 



Vhc 



{1 



V 



K 4 r/2 



f»R. 



{ -fv) 



IfR-V 




3 J 3 J 



dip . 
(77) 



We must solve the above integral in order to find tphc- 
In appendix A, we have presented the solution of the 
integral (77), where we assumed if he 3> Then we 



found iphc from that solution and substitute it in the 
equations (63), (64) and (71) in order to find the val- 
ues of these parameters at the time of the horizon cross- 
ing. Our analysis shows that although for all values of 
< £ < |, in the warped DGP model with a quadratic 
potential in Jordan frame we have 0.966 < n s < 1 (so, 
the spectrum of the scalar perturbation is nearly scale 
invariant and red-tilted), but just for | we arrive at 
r Ri 0.22 which is observationally more reliable [99| . In 
this case the value of r at the time of horizon crossing, 
decreases by decreasing £. Table U shows the value of the 
n s , r and a when the physical scales crossed the hori- 
zon for three different values of £. For comparison we 
have listed also the corresponding recently realized ob- 
servational data. Note that the observational parameters 
are defined at fco = 0.002 Mpc -1 where ko denotes the 
value of k when universe scale crosses the Hubble hori- 
zon during inflation. Also these parameters are obtained 
via WMAP+BAO+Ho Mean data, where Mean refers to 
the mean of the posterior distribution of each parameter. 
The quoted errors for n s show the 68% confidence levels 
(CL) (see 99] for details). As the table shows, there is 
relatively good agreement between our results and recent 
observation. But note that the running of the spectral 
index in our setup is extra-ordinary close to zero. It is 
negative and in this respect viable. n s and r are in good 
agreement with observation. 



B. Quartic Potential: 



The second potential we consider is the quartic poten- 
tial i.e. the case with m = 2 in equation (73). The left 
panel of figure [5] shows the behavior of the correctional 
factor, A versus the scalar field in this case. In the large 
scalar field regime, A increases by reduction of the scalar 
field. So, in this situation e increases and its behavior 
mimics the behavior of e in the standard 4D case (see 
the right panel of figure [5]). However, the growth of A 
by reduction of the scalar field stopes at some value of 
the scalar field (which attains larger values for smaller 
£) and then it decreases. Similarly, by reduction of the 
scalar field e reaches a maximum and its growth stopes. 
This maximum has larger value for smaller £. By fur- 
ther reduction of the scalar field, it deviates from the 4D 
behavior and decreases by reduction of the scalar field 
strength. In contrast with the quadratic potential where 
for small values of the scalar field the minimum of both 
A and e were located at ip m in = 0, here both A and 
e have minimums located at some non-vanishing values 
of the scalar field. In fact, for quartic potential in this 
setup, e has relatively more complicated structure than 
the quadratic case in the small scalar field regime. In the 
scale adopted in figure [51 this behavior is not so evident, 
but it shall be more evident in figures of n s and n-r ver- 
sus the scalar field (as we will see later). Note that as £ 
increases, e mimics the 4D behavior in a relatively wider 
domain of tp values. 
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FIG. 6. The evolution of the correctional factor A (left panel) and the first slow-roll parameter e (right panel) versus the scalar 
field with a quartic potential. The braneworld and non-minimal nature of the model through the existence of A causes the e 
to behave as the standard 4D case just in the large field regime. In the small field regime, the behavior of e deviates from the 
standard 4D behavior considerably. 




FIG. 7. The evolution of the correctional factor B (left panel) and the second slow-roll parameter r\ (right panel) versus the 
scalar field with a quartic potential. The effect of the correctional factor causes the r\ to follow a behavior which deviates from 
the standard 4D behavior in the small field regime. 



In the next step, we consider the evolution of the cor- 
rectional factor B and the second slow-roll parameter r\ 
versus ip as shown in figure [7] The general behavior of 
B and 77 is similar to A and e. But, since the minimum 
value of these parameters occurs at tp — 0, only in the 
large scalar field regime these parameters evolve similar 
to the corresponding parameters in 4D case. It should 
be noticed that for £ = | (the conformal coupling), the 
correctional factor B is always less than unity. It means 
that for this value of £, the value of 77 in warped DGP 
model is always smaller than the value of this parame- 
ter in 4D model. We note also that in contrast with the 
quadratic potential case, the slow-roll parameters can be 
negative in some values of the scalar field. 

In figures [5] (the left panel) and HI we have shown the 



behavior of the scalar and tensor spectral index versus the 
scalar field. As we expected from the evolution of e, n s 
and Ht at two extremal regimes of the scalar field evolve 
as they do in the standard four-dimensional model. At 
these two extremal regimes, n s and ut evolve from larger 
values to the smaller values by reduction of the scalar 
field. For other (intermediate) values of the scalar field, 
these parameters increase as the scalar field decreases. 
The behavior of the running of the scalar spectral index 
is shown in the right panel of figure [5] In the large scalar 
field regime, a behaves as it does in 4D and decreases by 
reduction of the scalar field. This 4D behavior lasts in 
a wider domain of the scalar field for the larger values 
of £. But, at some value of the scalar field, a reaches 
its minimum and then increases to a maximum. After 
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FIG. 8. The evolution of the scalar spectral index (left panel) and the running of the spectral index (right panel) versus the 
scalar field with a quartic potential. In the large and small scalar field regime, the scalar spectral index and its running decrease 
by reduction of the scalar field (as the 4D case). 




FIG. 9. The evolution of the tensor spectral index versus the scalar field with a quartic potential. In two extremal region of 
the scalar field, the tensor spectral index decreases by reduction of the scalar field (as the 4D case). The right panel shows the 
behavior of tit in very small values of the scalar field as a special feature of the model with quartic potential. 



that, as scalar field decreases, there are other minimum 
and maximum values for a, providing a relatively compli- 
cated structure relative to the quadratic potential case. 
This feature is shown in the right panel of the figure [9] 
by adopting a smaller scale than the left panel one. Evi- 
dently there is a different structure of tit relative to the 
quadratic potential case where there was no minimum 
other than ip m in — in the small field regime. 

Next we consider the tensor-to-scalar ratio, r. The 
result of this consideration is shown in figure 1101 For 
quartic potential, r has more complicated behavior rel- 
ative to the quadratic potential case in the small scalar 
field regime similar to the behavior of e, n s and tit in 
this regime. In two extremal regimes of the scalar field 
(large and small scalar field regimes), r in the warped 
DGP model increases as the scalar field decreases. This 



is the same as the behavior of r in the standard 4D case. 
For other (intermediate) values of the scalar field, it de- 
creases by reduction of the scalar field. 

Some inflation parameters calculated for quartic po- 
tential at the time that physical scales have crossed the 
horizon are shown in table HU Similar to the quadratic 
potential case, the Friedmann equation and the number 
of e-folds are given via equations (76) and (77) but now 
with quartic potential. The solution of integral (77) with 
a quartic potential is presented in appendix B. By using 
that result and finding iphc for this case, we obtain the 
values of the scalar spectral index, its running and the 
tensor to scalar ratio at the time of horizon crossing. The 
results for three values of £ is shown in table HU We see 
that although for different values of £ the scalar spectral 
index is nearly scale invariant and red-tilted, the run- 
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TABLE II. The values of some inflation parameters with a quartic potential in Jordan frame at the time that physical scales 
crossed the horizon. 



0.9999999525 3.979559439 x 10" 7 -6.534716905 xlO" 58 

± 1.000000000 1.745217481 x 10~ 21 -1.238633640 xl0~ 51 

| 0.9999999999 

| 0.9999999996 
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FIG. 10. The evolution of the tensor to scalar ratio versus 
the scalar field with a quartic potential. The behavior of r in 
the large scalar field regime is similar to the 4D behavior. 

ning of the spectral index and the tensor to scalar ratio 
increase by reduction of £. We note that the correspond- 
ing observational data and the conditions for calculations 
of these quantities are the same as what we have done 
for production of table [TTJ 

Before presenting our analysis in the Einstein frame, 
we note that in our previous numerical analysis we argued 
that since H is nearly constant in inflation epoch, the 
Ricci scalar R = 6(H+2H 2 ) is also nearly constant in this 
epoch. With this assumption, we have set R — 1 in our 
numerical analysis. Now we consider a more general case 
to have more generic results: we consider the following 
ansatz for scale factor and scalar field 

a(t) = a e ut , ip = (p e~ m 

where v and ■& are positive constants. Note that these 
ansatz are chosen by taking into account the inflationary 
nature of the solutions for scale factor and a decreas- 
ing nature of the scalar field. Applying these ansatz 
to equation (11) and performing our numerical analy- 
sis for quadratic and quartic potentials with v = 10, 



fl o = = 1 and i9 = 1, we find for n s the results that 
are shown in the left panel of figure [TTJ These results are 
more generic than the case that we set the Ricci scalar 
to be a constant due to constancy of H in inflation era. 
Also, the right panel of figure |TT] shows the results of 
our numerical calculation of the tensor-to-scalar ratio, r, 
for quadratic and quartic potentials adopting the above 
ansatz. Comparison of these more general results with 
the corresponding results obtained by a constant Ricci 
scalar shows that the results obtained by assumption of 
a constant Ricci scalar are actually reasonable in some 
sense. In fact, this comparison shows that the assump- 
tion of a constant Ricci scalar due to constancy of the 
Hubble parameter in inflation epoch is relatively a viable 
assumption. We have checked also the situation with 
ansatz 

i 

a(t) = (t 2 + ^-^j 1 \ ip = <p r S 

where we assume v < 1, to > (see for instance [lOOl ]) 
and 6 > 0. Although this is not an exponentially solution 
of the scale factor, but the previous argument is applica- 
ble more or less even with this ansatz (for instance with 
v = 0.9 and (5 = 3). We note that the general case with- 
out adopting ansatz is far more difficult to find analytical 
or even numerical results. 



V. INFLATION ON THE WARPED DGP 
BRANE IN EINSTEIN FRAME 

Up to now, we have considered the situation in Jordan 
frame. We can pass from Jordan to Einstein frame by 
making the following conformal transformation [22,24,41] 

q^u = ^q^u , (78) 

where the parameter fl is defined as 

f! 2 = 1 + K\f{<p). (79) 

Under this transformation, action (1) in Einstein frame 
becomes 
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FIG. 11. The evolution of the scalar spectral index (left panel) and tensor-to-scalar ratio (right panel) for quadratic and quartic 
potentials with adopted exponential ansatz and £ = ^ 
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Now, we define a new scalar field ip in Einstein frame as 
follows 



dtp 
dip 



' 2(l + «lf(y>)) + 3«lr 2 (yQ 
2(1 + ^/(^)2 



(81) 



and the corresponding potential V defined in Einstein 
frame is 



v(<p) = [i+4f(<p{<p))] 2 v&(m 



(82) 



The general condition for flatness of the potential at the 
large field limit is 



V 

lim — r = Const. > 0. 



(83) 



The condition f(tp) 3> k. 4 2 for ip 3> 1 is required for 
the potential to be bounded from below and the loca- 
tion of the global minimum is well localized around the 
small field value. Even though the condition (83) actu- 
ally determines the flatness of the potential at the large 
field limit, it is not necessarily required in generic infla- 
tion models. Depending on the shape of the potential, 
it might still be possible to have sufficient time of expo- 
nential expansion for some finite region of field value, <p 

The generalized cosmological dynamics of this setup 
in Einstein frame is given by the following Friedmann 



equation 



- 2 K\ Kl - 2k 4 

H - irPv + ~r x "I — 



±- 



Ik a 



4- 4 n - -I- 4 \ 



6 



(84) 



where " refers to parameters written in Einstein frame. 
In Friedmann equation (84) we defined A = jj^rjj^yp ^ 

and a = (1 + /tf/^)) 1 ' 2 *!. Also, p$ the energy-density 
corresponding to the now minimally coupled scalar field 
in Einstein frame is defined as follows 



1 (dtp 

2 \dt 



V(p), 



and the corresponding pressure is given by 

-V(p). 



dp 
dt 



(85) 



(86) 



where i = (1 + K\f(tp)) l /H . 

In this step, similar to the Jordan frame case, we in- 
troduce the effective cosmological constant on the brane 
in Einstein frame as follows 



A eff = n 4 X + — r ± — — 



<(2 K 2 A- A 5 )-| + 6 - 



(87) 
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By putting the effective cosmological constant equal to 
zero, we find 



l 5>2 



In the slow-roll approximation where {j^j <C V(ip) and 

<C \3H^-\, energy density and equation of motion for 
the scalar field take the following forms respectively 

P « V{$) . (92) 



So, we can rewrite Friedmann equation (84) as follows 



u 2 — K 4 _ , K - 2 



and the second Friedmann equation can be expressed as 



dH k\ dp<£ 
dt ~ 6H di 



± 



k-1 dp-t. , C 

6H dt _ a 7 



+ — p v + —A - ggA 



(90) 

The equation of motion of the scalar field in Einstein 
frame now is given by 



d 2 i> n ^dw dV 
dt 2 dt d(p 



0. 



(91) 



nA dip dV n 

ZH-Kr + — = 0. 

dt dip 



(93) 



Now the Friedmann equation can be expressed as follows 



^\ ft • t l • T* l A2 ¥■ ,!)4) 



K 5 V K " 

We define the slow-roll parameters in Einstein frame as 

1 dH 



H 2 dt 



1 (d 2 H)/{dt 2 ) 

v = — 



(95) 



H (dH)/{dt) 

In the slow-roll approximation, from Eq. (94) we find 



(96) 



1 ( {dV)/{d$) X 
V J 



1± 



dV 



+ ^v + ^ x -n\ 2 -s r 



6^ 



± 



+ + ^-A - 



36 



(97) 



I 

and 

J 



(d 2 V)/(d0 2 ) 



1 

V 



6K4 



± 



+ 



3a 2 

36 



(98) 



In equations (97) and (98), the terms in the brack- 
ets are corrections to the standard 4-dimensional model. 
These corrections are contributions originating from 
braneworld nature of the setup. 



For warped DGP model with non-minimally coupled 
scalar field on the brane, the number of e-folds in Einstein 
frame becomes 
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N = — 



ft 



,, K dv) [dV/d^ 




dip 



(99) 



In the next section we consider the scalar perturbation d$> 
of the metric in Einstein frame. ^£ 



K l ( K 5P<p d<P 
Qn 2 , di 



2 V 
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f)d Xi , (108) 



VI. PERTURBATIONS IN EINSTEIN FRAME 

The effective covariant equations on the brane in a 
warped DGP braneworld scenario and in Einstein frame 
are given by 



(100) 



where 



+ ^TT^ + ^q^(i pa T pa -^T 2 ^j , (101) 



and is the total stress-tensor on the brane and is 
defined as 



(102) 



T^u, the energy- momentum tensor of the scalar field in 
Einstein frame which now is minimally coupled to the 
induced gravity on the brane, is given by (compare this 
result with corresponding equation in Jordan frame, Eq. 
(25)) 

= d v <p - (^q a ^d a (p dpip + V{(p)) . (103) 



Also we have 



= C MRS N n M n N q« £ = Q*E, V (104) 

Since in Einstein frame ds 2 — il 2 ds 2 , the scalar met- 
ric perturbations of the FRW background (Eq. (27)) is 
translated to 



ds 2 



(1 + 2$) dP + d 2 {t)(l - 2#) S, 3 cteW. (105) 



where a(t) is the scale factor on the brane in Einstein 
frame, $ = $(t, x) and \& — ^(i, x) are the metric per- 
turbations. For the above perturbed metric one can ob- 
tain the temporal part of the perturbed field equations 
in Einstein frame: 

-3H(M+^)-^ = f5p eff (106) 



d 2 ^ orWrA r-rd® dH~ 

dt 2 dt dt dt 

+^Lp($-*) = M^ e//) (107) 



* - $ = 8ttG- 



4(^ + 2H 2 )-H 



-a 2 STfi 



(109) 



In the last equation, Stt^ is anisotropic stress perturba- 
tion in the Einstein frame. In Eqs. (106) and (107), p e ff 
and p e f f can be obtained from the standard Friedmann 

A 2 

equation H 2 = ^Peff, as follows 



c 6k| 

Peff = P(p + A + — - 



±- 



K 4 

~3 



¥ 2 



(110) 



By using the continuity equation, -^Peff + 3H{Peff 
Peff) — 0, one can deduce 



Peff =p i p±~2 



Pv+Pv- 



-A 



B 4„. I K 4 i K 5 \2 

— Pv + T A ~ 36 A 



"^ T ^!\ z + y^ + y A -3t A 2 -f- (111) 



So, the perturbed effective density and pressure in Ein- 
stein frame can be written as 



6 p e ff =5p l p±-4 [ 



$Pv 



and 



t>Peff = 5p>j> ± 



Kg /«4 7 K l Z 7 «4 \ K 5 \2 ^0 
V ~ Pv ~ 36 

(112) 

6 % - &E° 



-Pv 



T A_ 36 A _ ^0 



K | (%-^)(p*+p-^{?_ 

1 3/2 



(113) 



— P'-P + T A ~~ 36 A ~~ ^0 

where <5£$ can be calculated from the following relation 
SE'I, = -/,-; | 7- : .. ,7--7 ) • (114) 



Spfr aSq^ 
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that is written in Einstein frame. Also Sp^ and 8p$ take energy-conservation equation for linear perturbations, 
the following forms 



bpcp = -r(S 



dip ( dip 



dt V dt 



dtp f dip 



m * + £^, (115) dt 
dt J dip 



\ dt 



&\ (116) 
dt / dy 



These equations in the slow- roll regime reduce to Sp^ = 
^8ip and 8p^ — — ^5ip respectively. By perturbing the 
equation of motion of the scalar field (91) one can find 



dt 2 \ dt 



d 2 V k 2 \ r . 



dip / dtf d$ \ ~ / dV\ 

3— + — +$ -2— . (117 
dt \ dt dt [dp v 7 



d - d* 

5p e// + 3H(8p eff + 8p eff ) + 3{p e ff +Peff)-j~ = 0, 

(119) 



we find the variation of £ with respect to the conformal 
time as 

d( d* jSpeff jjAff+Peff) 
— - — + — — 7 - — — —°Peff, 



dt dt 3(p e ff+p ef f) {peff+Pefff 



where d ^f f and ap ^ f are given by time derivatives of 
equations (110) and (111) respectively. 

Similar to the Jordan frame case, we split the pressure 
perturbations into adiabatic and entropic parts as follows 



(120) 



8p eff = c 2 s 8p eff + ^lt. 

dt 



(121) 



In Einstein frame and within the warped DGP model, we The non-adiabatic part is 5p na d — f 1 , where f is 



should redefine equation (43) as 

H 



defined as 



(dp ef f)/(dt) 



Speff- 



(118) 



r = 



Sp 



eff 



S Peff 



(dp eff )/(dt) (dp ef f)/(dt) 



(122) 



where ^ is an Einstein frame quantity. Now, by using the From Equations (112)-(116) we can deduce 



5p nad =h-clUp eff -U^Sip)ll±^ 



2k 2 



K 4 

K t / K 4 _U K * „ . I K 4 \ K 5 \ 2 fpO 6K5 

V ^ + ~Pf + T A ~36 A _ii 

I 



^| + — p v + — A - gg A 



3/2 



(123) 



Using equations (106)-(108) we rewrite this relation as follows 
I 



Spnad 



f^4 \ 



dt 



' P. 2 dV 
OK 4 dip 



2 _ 

dt 



K 5 P^ 



SE^dx 1 1,(124) 



r 



where K, ,j and X are defined as 



J 



£ = ; ; ; ; h 



'(f)' 



+ 3 



- 1-1 



«£-*fcI-ZHJ, (125) 



6«t 



.P$+P<f> 



4 pcA 



and 



3/2 



1±- 



(126) 



(127) 
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respectively. Now we rewrite the equation of the varia- 
tion of £ versus time in terms of the model's parameters. 
From equations (119)-(121) we find 



di 



Klpeff 



9H(p eJ f 
+ 



-Peff) 



6k| d<p 



5E?dx i \l 



Peff 



5E« 



[J +-(1-1) 

3H(p eff +p eff )\ r 



2(M> + §) 



3H(p eff +p ef f) 



Pel A (128) 



Here we are going to obtain scalar and tensorial pertur- 
bation in our model. First let's rewrite equation (117) in 
the slow-roll approximation at the large scales as follows 



3H6( d -t) 
\dtJ 



d 2 V ^ 



-2$ — . 

d<p 



(129) 



Also for equation (108) we have 



dt 



Sip. (130) 



By using equations (129) and (130) we can deduce 
fd$\ d 2 V 



dt) dt 2 

d v^ + ^f s ^ dxi d0 



-2- 



Stp. (131) 



Now, similar to the Jordan frame case, by defining a func- 
tion as 



\dt 



equation (131) can be written as follows 



(132) 



/ dx> 



3/^4 



ydry 

J dtp' 2 

dV 

dip 



(133) 



As said before, a solution of this equation is f = Ccxp(J -^dip). So, from equation (132) we find 



dtp = L —— x exp 

dip 



( _ dv\f>4 

V dt J\ 6 



Pv 



jSEfdx* 



2^ 

dip 



\d<p 



(134) 



Once again by the same reasons as have been presented 
after Eq. (59) and for the sake of simplicity we neglect 



the nontrivial contribution of the bulk manifold arising 
via the term d $ - J 5E® dx l . By defining the following 

di ^ 

quantity 



Q = — 



% ){ 6 P<P 



p l p)[p ! p + X + 



± 



3 p<p 



-5- A — A 

3 36 



(135) 



equation (134) can be rewritten as 
5 p 



C -r-r exp / Qdip. 



dip 



(136) 
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So, density perturbation is given by 



The scale-dependence of the perturbations is described 
by the spectral index as 



(137) 



k=aH 



h s - 1 = 



din A 



s 



din k 



(138) 



The interval in wave number is related to the number of 
c- folds by the relation d\nk(ip) = dN(<p), so we obtain 



n, = 1 — 3e 



\d<p) V 6 



9H 2 



2k 4 



2k 2 



dip 2 

dV 
d<p 



3 y \ 3 «£ V k* 3 3 36 




. (139) 
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The running of the spectral index in our setup, in Einstein frame, is given as follows 
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(140) 



r 



The tensor perturbations amplitude of a given mode 
when leaving the Hubble radius are given by 



which in Einstein frame, it takes the following form 



4^ 
25tt j 



(141) 



k=dH 



In our setup and within the slow-roll approximation, we 
find 



4k| 
25tt 



V 



2/^4 



y V 3 




4 + y + y 



v 5 V 5 

The tensor spectral index is given by 
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where £ is dchned as 



«4 

~3 



5] = [ v 



tip 

F 2 



i± 



«4 



«5* 



(144) 



(145) 

Finally, the tensor-to-scalar ratio in Einstein frame is 
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given by 



A 2 



Sttk 2 . 



exp J —Qd(p 



2 r > 



C 



'{%) 



(146) 



Once again and similar to previous section, in which 
follows we present an explicit example to see how our 
equations in Einstein frame work. 



VII. 



AN EXPLICIT EXAMPLE: MONOMIAL 



CASE WITH / ~ if 2 AND V 



<fi 



In this section, we use the same form of / and V de- 
fined in equation (72) and (73). From equation (82), the 
potential in Einstein frame takes the following form 



V 



2 in 



2m (1 + k 2 4 & 2 ) 2 



(147) 



With this form of the potential, we get the flat potential 
in the large field regime in Einstein frame (see figure [2"51) . 
As the Jordan frame case, we study two types of poten- 
tial: quadratic potential with m = 1 and quartic poten- 

I 



tial with m = 2. In the large tp regime, the variation of 
tp versus tp attains the following forms 



1 



dp 

dp ~ v ^|^ 



-ip 



171=1 

(148) 



dtp 
dip 



1 l + 6£ 



■. exp 



(149) 

Now, in order to obtain the slow-roll parameters in 
Einstein frame, we should rewrite these parameters in 
terms of the scalar field and corresponding potential in 
Einstein frame 



and 



i f av/dip \ 

2k 4 2 \ V ) 



1 (d 2 V/dip 2 



where by definition 
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and 



B(tp) 



A + 



6k1 
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—A 2 
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(153) 



where we defined A = 



■X. From equations (147) 



I 

- (151), we obtain the slow- roll parameters in the large 
field limit as 
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(154) 
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m = 2 



Once e or 77 reach the unity, the inflationary phase ter- 
minates. 



A. Quadratic Potential: V(<£>) 



b ,„2 
2V 3 



Similar to our analysis in Jordan frame, we firstly con- 
sider a quadratic potential to analyze the outcome of the 
model in Einstein frame. We show that with this po- 
tential in Einstein frame, there are some differences with 
the Jordan frame case. These differences may be a foot- 
print of the physical non-equivalence of these two frames 
in this braneworld setup (we return to this issue later). 
In figure [TI2] we depicted the behavior of the correctional 
factor A and e versus the scalar field. 

The left panel of this figure shows that as the scalar 
field decreases, A in two regimes (large and small scalar 
field regimes) decreases. But there is an intermediate 



I 

regime where A increases by reduction of the scalar field. 
The behavior of A affects the evolution of e. This can be 
seen in the right panel of figure [T2] This panel shows that 
only in intermediate regime of the scalar field, e obeys 
nearly the 4D behavior and in the large and small scalar 
field regimes, it deviates from 4D behavior drastically. 
However, as we have shown in the previous section, in 
Jordan frame with this type of potential e in the large 
scalar field regime obeys the 4D behavior. It should be 
noticed that there is a relative maximum for A and e 
which its value and location depends on £. As £ increases, 
this maximum becomes smaller and take places in smaller 
values of the scalar field. This maximum is larger for 
smaller values of £. Also, there is a minimum value for 
the slow-roll parameter. As £ increases, this minimum 
decreases and take places in larger values of the scalar 
field. We note that for smaller £, the 4D behavior lasts 
in wider domain of the scalar field values. 
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FIG. 12. The evolution of the correctional factor A (left panel) and the first slow-roll parameter e (right panel) versus the 
scalar field with a quadratic potential in Einstein frame. The presence of the correctional factor, A, causes the e to behave 
nearly as the standard 4D case in the intermediate regime of the scalar field. In the large and small scalar field regimes, it 
deviates from 4D behavior drastically. 
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FIG. 13. The evolution of the correctional factor B (left panel) and the second slow-roll parameter rj (right panel) versus the 
scalar field with a quadratic potential in Einstein frame. In this case, there is a finite maximum value of 77 at tp = 0. 



The behavior of the correctional factor B and i) versus 
the scalar field is shown in figure [131 Due to the effect of 
B, the second slow-roll parameter in the large and small 
scalar field regime deviates from the standard 4D behav- 
ior. But, in the intermediate regime of the scalar field, 
77 behaves similar to what it does in 4D case. As £ de- 
creases, this 4D behavior lasts in wider domain of the 
scalar field values. Both e and 77 can reach unity and 
therefore with a quadratic potential in Einstein frame 
the inflation can ends gracefully. We note that in con- 
trast with Jordan frame case, with a quadratic potential 
in Einstein frame, the second slow-roll parameter can be 
negative in some values of the scalar field. Other im- 
portant parameters in an inflationary paradigm are the 
scalar and tensor spectral indices. We have depicted the 
evolution of fi s and fir versus the scalar field in figures [14] 



(the left panel) and [15] respectively. As these figures 
show, in an intermediate regime of the scalar field these 
parameters decrease by reduction of the scalar field as 
what they do in the standard four-dimensional model. 
However, in the large and small scalar field regimes, h s 
and fix increase as the scalar field decreases. As £ de- 
creases, the 4D behavior of n s and tit last in larger do- 
main of the scalar field. In the left panel of figure [14] we 
have shown the evolution of the running of the scalar 
spectral index versus the scalar field. As this figure 
shows, in an intermediate field regime, a decreases by 
reduction of the scalar field similar to what it does in 4D 
case. This behavior stopes at some value of the scalar 
field where a reaches a relative minimum. Notice that, 
as £ decreases, the 4D behavior of a lasts in wider domain 
of the scalar field. 
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FIG. 14. The evolution of the scalar spectral index (left panel) and the running of the spectral index (right panel) versus the 
scalar field with a quadratic potential in Einstein frame. In an intermediate field regime, the behavior of n s and a are nearly 
similar to the standard 4D behavior. 



TABLE III. The values of some inflation parameters with a quadratic potential in Einstein frame at the time that physical 
scales crossed the horizon. 
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FIG. 15. The evolution of the tensor spectral index versus the 
scalar field with a quadratic potential, fir in an intermediate 
field regime behaves similar to what it does in the standard 
4D case. 



FIG. 16. The evolution of the tensor to scalar ratio r versus 
the scalar field with a quadratic potential. 



The last parameter we consider is the tensor to scalar 
ratio, f. Figure H6l shows the behavior of this parameter 
versus the scalar field. As the scalar field decreases, f de- 
creases until a minimum at some value of the scalar field 



is reached and then it increases again. The increment of 
f stopes at some value of the scalar field and after that, 
f decreases again. This means that in an intermediate 
field regime, the behavior of the tensor to scalar ratio in 
Einstein frame is similar to the corresponding parame- 
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ter in 4D case and in the large and small field regime, it 
deviates from the standard 4D behavior drastically. We 
note that as £ gets smaller, the 4D behavior of f lasts in 
a wider domain of the scalar field. 

Now, as the Jordan frame case, we proceed to calculate 
some inflation parameters with a quadratic potential at 
the time of horizon crossing. To find the value of the 
scalar field at the time of horizon crossing, we treat as 
what we have done in the previous section. We rewrite 
the Friedmann equation in high energy limit (p 3> A) as 
follows 



1± 



2ft a 



(156) 



So, the number of e-folds by using equation (99) can be 
expressed as 



N 




\dV/dLp ) 




(157) 

In appendix C, we have presented the solution of inte- 
gral (157) (where as before, we have assumed tfhc ^ <Pf)- 
Then we found if>hc from that solution and by using equa- 
tions (139), (140) and (146) we find the values of the 
scalar spectral index, its running and the tensor to scalar 
ratio at the time of horizon crossing. Our analysis shows 
that although for different values of £, the scalar spectral 
index is nearly scale invariant, it is red-tilted for £, = ^ 
and £ = j2 and blue-tilted for £ = |. Also, by reduc- 
tion of £, the running of the spectral index increases and 
the tensor to scalar ratio decreases. Table Hill shows the 
value of ii s , f and a when the physical scales crossed the 
horizon for three different values of £. These values can 
be compared with recent observational data as have been 
summarized in the last line of table [I] 



B. Quartic Potential: V(<p) 



Now, as what we have done in Jordan frame, we ana- 
lyze the model parameter space with quartic potential in 
Einstein frame. Figure [T7] shows the behavior of correc- 
tional factor, A, and the slow roll parameter, e, versus 
the scalar field. As the scalar field decreases, A increases 
to a maximum value and then decreases. As we have 
mentioned previously, the behavior of the correctional 
factor affects the evolution of the corresponding inflation 
parameters. Nevertheless, in spite of the presence of this 
factor, in the large scalar field regime e behaves similar 
to what it does in 4D case and increases by reduction 
of the scalar field. It should be noticed that for larger 
values of £, the 4D behavior of e lasts in wider domain of 
the scalar field values. 

In figure [T5] we have depicted the behavior of B and 
f\ versus the scalar field. The general behavior of B and 
fj is similar to the behavior of A and e. In spite of the 



effect of the correctional factor, the behavior of the slow- 
roll parameter in the large scalar field regime is similar 
to the behavior of the corresponding parameter in 4D 
case. In other words, in large scalar field regime in this 
case, the braneworld nature of the model can be neglected 
approximately. As £ becomes larger, r\ in larger region of 
the scalar field has the 4D behavior. Also, in some values 
of the scalar field where B is negative, fj has the negative 
values. Both e and fj can attain the unit value. So, the 
graceful exit from the inflationary phase in this model is 
guaranteed. 

In the left panel of figure [19l we have shown the evolu- 
tion of the scalar spectral index versus the scalar field. As 
figure shows, in the large and small scalar field regimes, 
fi s decreases by reduction of the values of the scalar field 
similar to what it docs in 4D case. In the intermediate 
regime of the scalar field, this quantity deviates from the 
4D behavior and increases as the scalar field decreases. 
Figure [201 shows the evolution of the tensor spectral index 
versus the scalar field. In the large scalar field regime, 
fiT evolves similar to the evolution of the corresponding 
parameter in 4D model and decreases by reduction of 
the scalar filed. But in the small scalar field regime, it 
increases as the scalar field decreases. We note that as 
£ increases, the 4D behavior of both scalar and tensor 
spectral indices last in wider domain of the scalar field 
values. 

In the right panel of figure [121 we have depicted the 
evolution of the running of the scalar spectral index ver- 
sus the scalar field. Similar to other considered parame- 
ters in this subsection, a has the 4D behavior in the large 
scalar field regime. For larger £, this 4D behavior lasts in 
larger domain of the scalar field. By more reduction of 
the scalar field, a reaches a maximum and then deviates 
from the 4D behavior. The last parameter which we con- 
sider is the tensor to scalar ratio, f (figure |2"T|) . As the 
scalar field decreases, r increases similar to what it does 
in 4D. The increment of r stopes at a maximum value 
which for larger £ is smaller and take places in smaller 
values of the scalar field (this means as £ increases, the 
4D behavior of r lasts in wider domain of the scalar field 
values). After that, it deviates from 4D behavior and 
decreases by reduction of the scalar field. 

Now we calculate some inflation parameters with a 
quartic potential at the time of horizon crossing. The 
Friedmann equation and the number of e-folds are given 
by equations (156) and (157), but here the potential is 
a quartic potential. The solution of integral (157) with 
a quartic potential is presented in appendix D (by as- 
suming ifihc 3> <Pf)- By finding (p hc from that solution, 
we obtain the value of the scalar spectral index and the 
tensor to scalar ratio at the time of horizon crossing. The 
results for three values of £ are shown in table IIV1 

With a quartic potential in Einstein frame, the value of 
n s at the time of horizon crossing is nearly scale invariant 
and red-tilted. Also, the tensor to scalar ratio at the time 
of horizon crossing decreases by reduction of £ and the 
running of the spectral index increases by reduction of £. 
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FIG. 17. The evolution of the correctional factor A (left panel) and the first slow-roll parameter e (right panel) versus the 
scalar field with a quartic potential in Einstein frame. In the large scalar field regime, £ behaves similar to what it does in 4D 
case and in the small scalar field regime deviates the 4D behavior. 




FIG. 18. The evolution of the correctional factor B (left panel) and the second slow-roll parameter r) (right panel) versus the 
scalar field with a quartic potential in Einstein frame. The effect of the correctional factor causes the f) to follow a behavior 
which deviates from the standard 4D behavior in the small field regime. 



VIII. 



A SPECIAL CASE 



The curvature perturbation in Einstein frame £, 
remains constant on large scales, but only so long as 



the condition 
condition 



5tp 



— . (in addition to the 

{d<p)/{dt) (d Peff )/(dt) V 
5 _l±ll — s P'!f , ^ j s satisfied This 

means that in this situation, the perturbations are 
adiabatic [84) . In the warped DGP model and within 
the slow-roll approximation, this condition is satisfied 
only when we neglect the contribution of the dark 
radiation term in our analysis. If we work in the large 
field regime, ((p k^ 1 and f(<f) ^ k7 2 ) , so this term 
is really negligible. 

One can find the curvature perturbation on uniform 
density hypersurfaces in terms of the scalar field fluctu- 



ations on spatially flat hypersurfaces as follows 

HStp 



C 



dip/di 



(158) 



Also the field fluctuations at Hubble crossing (k = ciH) 
in the slow-roll limit are given by [8l|, H3] 



< 5(p 2 >c 



(159) 



The scalar curvature perturbation amplitude of a given 
mode when re-entering the Hubble radius is given by 



2 4 < C 2 > 



25 



(160) 



So, in the slow-roll approximation, we find 
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FIG. 19. The evolution of the scalar spectral index (left panel) and the running of the spectral index (right panel) versus the 
scalar field with a quartic potential in Einstein frame. In the large and small scalar field regime, the scalar spectral index and 
its running decrease by reduction of the scalar field (as the 4D case). 




FIG. 20. The evolution of the tensor spectral index versus the 
scalar field with a quartic potential in Einstein frame. In the 
large scalar field regime, the tensor spectral index decreases 
by reduction of the scalar field (as the 4D case). 



A. 



25tt 2 



(dV/dfif 



y\3 



A + 



2/^4 



± 



2k\ 



-V - 



—A 2 
36 



(161) 



iH 



The scale-dependence of the perturbations is described by the spectral index as 



1 = ^S. (162) 
din k 



The interval in wave number is related to the number of 
e-folds by the relation d\nk(0) = dN((p), so we obtain 
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FIG. 21. The evolution of the tensor to scalar ratio versus the 
scalar field with a quartic potential in Einstein frame. The 
behavior of r in the large scalar field regime is similar to the 
4D behavior. 



TABLE IV. The values of some inflation parameters with a quartic potential in Einstein frame at the time that physical scales 
crossed the horizon. 



i 0.9999999985 
| 0.9999999995 2.695140808 x 10" 19 -7.310536449x 10~ 163 

h 0.9999999995 2.726926460 x 10" 19 -4.325996087x 10~ 163 



1 = - 



'dV/d(p\ 



3V 



(163) 



where the parameter T is defined as 



becomes 



n s — 1 = — 6e 4- 2f) . 



(165) 



fV/d£ 2 dV/d£ 
1 = —2 h K4 



dV/dtp 



H 2 



x 1 ± 



K4 



res' ' 3 3 36 



(164) 



In terms of the slow-roll parameters, the spectral index 



The tensor perturbations amplitude of a given mode 
when leaving the Hubble radius are given by 



K 



4«4 fr2 

2^ H 



(166) 



k=aH 



Therefore, in this warped DGP scenario and within the 
slow-roll approximation in Einstein frame we find 
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The tensor spectral index that is given by 



in our framework takes the following form 



TIT 



din A? 
dink 



(168) 



jit 



( dV/dip \ 



V V 3 



A + 



2«j 



± 



^A 2 
36 



(169) 



where £ is defined as 



and 



,dV/dtp 
1 3H 2 



1 ± 



2 - 

-4-V 



36 A 



(170) 

In terms of the slow- roll parameter e, the tensor (gravita- 
tional wave) perturbation finds the following expression 



tit = — 2e . 



(171) 



The ratio between the amplitudes of tensor and scalar 
perturbations is given by 



4 



4irnl(dV/d(p) 2 
9H 4 



8tt 



1± 



2 ~ 

-4-V - 



-A - 



A 2 



(172) 



So, the standard consistency condition between this 
ratio (i.e, the relative amplitude of the two spectra) and 
the slow-roll parameter e is modified by the factor in the 
parenthesis. 



A. large scalar field regime 

In the large scalar field regime, a quartic potential in 
Einstein frame tends to a constant (see equation (147)). 
So, the brane affects the standard form of the slow-roll 
parameters with a constant factor. In the large scalar 
field regime, since the denominator of the terms including 
A and a are negligible, so from equations (89), (95) and 
(96) we obtain the slow-roll parameters in the large field 
limit as follows 

1 



3£ 2 (1 + 1/(60) 




(173) 




(174) 



In order to find the values of n s and f at the time of 
horizon crossing, we should solve the integral (99) in the 
large scalar field regime (where in this regime a quartic 
potential in Einstein frame tends to a constant). The 
solution of the integral is 



4 V 6 



2 

Vhc 



6kI 



2 



V K 



(175) 



If we assume iphc S> V/ , then we find the value of iphc as 



3k4 



1 + 



6k| 

4 
5 



V n 



6 



12n\e 



(176) 



Now, e and f) are defined as 
. 27K + 1/6) 



4iV 2 



1 




and 



Nn\ 



(177) 



(178) 



From equations (139) and (146) and by using equations 
(177) and (178) we find the scalar spectral index and the 
tensor to scalar ratio at if = ifhc- In figure [22] we have 
depicted the scalar spectral index and tensor to scalar 
ratio in a plot for various values of £ (we started with 
£ = jq corresponding to the first point of the left hand 
side and then in each step, we increased the value of £ 
by jq). This figure shows that as £ increases, the scalar 
spectral index becomes larger but the tensor to scalar 
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MO 0.S92 0.894 0.896 0.898 0.900 0.902 0.904 0.906 



FIG. 22. The spectral index and the tensor to scalar ratio for 
various values. 



ratio gets smaller. By increasing £, h s and f tend to 
0.906 and 0.002 respectively (see a similar treatment for 
the non- minim al Higgs boson as the innaton in Einstein 
frame in (10l| ). 

It should be noticed that we don't consider the case 
with a quadratic potential here, because this potential in 
the large scalar field regime tends to zero and there is 
no inflation for the model in this regime. It is due to the 
behavior of the quadratic potential in Einstein frame (see 
figure [2"3"]l . In Einstein frame, there is a maximum for a 
quadratic potential that the slow-roll conditions cannot 
be satisfied beyond it. But for a quartic potential in Ein- 
stein frame the situation is different. In the large scalar 
field regime, the quartic potential tends to a constant and 
of course the slow-roll conditions can be satisfied. 



IX. 



CONCLUSION 



In this paper we have studied the cosmological infla- 
tion on the warped DGP braneworld, where a scalar field 
is non-minimally coupled to the induced gravity term on 
the brane. We considered the warped DGP setup since 
this braneworld scenario contains both UV and IR mod- 
ifications of the general relativity simultaneously. We 
have studied the inflationary dynamics on the brane both 
in Jordan and Einstein frame. We have calculated the in- 
flation parameters and perturbations in these two frames 
with details. In Jordan frame, the brane world nature of 
the setup and the effects of the non-minimal coupling be- 
tween the scalar field and induced gravity on the brane 
is manifest through the existence of some correctional 
factors in slow-roll parameters. In Einstein frame, the 
effect of the non-minimal coupling is implicit in the field 
equations and can be manifested through the conformal 
transformation between two frames. 

The perturbations in these two frames are studied with 
details. The adiabatic perturbations are generated if the 



innaton field is the only field in inflation period. But, if 
there is more than one scalar field in a model or a scalar 
field interacts with other fields such as the induced grav- 
ity on the brane, the isocurvature perturbations are gen- 
erated. In our case and in Jordan frame, the presence of 
the non-minimal coupling between the innaton field and 
induced gravity on the brane and also the presence of 
the non-local effects through the projection of the Weyl 
tensor on the brane lead to a non-vanishing C, which af- 
fects the primordial spectrum of perturbations. However, 
in Einstein frame (despite implicit presence of the non- 
minimal coupling), isocurvature perturbations are gener- 
ated due to the presence of the non-local effects through 
the projection of the Weyl tensor on the brane. If we 
neglect this term in Friedmann equation, the perturba- 
tions become adiabatic since neglecting the non-local ef- 



8<p 



^ — to be 



-2m . 



feet leads to the condition . , 

{dtp)f{dt) (dp cf f)/(dt) 

satisfied. 

By adopting two types of potential (V — 
m = 1,2), we have performed numerical analysis of the 
model parameters space in each case, the results of which 
are shown in numerous tables and figures. We note that 
all of our numerical analysis are done for normal branch 
of this DGP-inspired model which is essentially ghost- 
free. In Jordan frame, both for quadratic and quartic 
potential, all considered parameters (e, 77, n s , nr, a, and 
r) in the large scalar field regime evolve similar to what 
they do in 4D. In this frame, as £ becomes larger, the 4D 
behavior of these parameters lasts in a wider domain of 
the scalar field values. By more reduction of the scalar 
field, the evolution of the parameters deviate from the 
standard 4D behavior. It seems that this deviation from 
the standard 4D behavior is due to the presence of the 
tension term in the correctional factors. Of course, with 
a quartic potential, the parameters experience another 
standard 4D behavior in the small scalar field regime. 
But, their values is very different from the values of the 
corresponding parameters in 4D case. 

In Einstein frame, the situation for two types of po- 
tentials is much different. With a quartic potential in 
Einstein frame, the considered parameters in the large 
scalar field regime have standard 4D behavior (similar 
to the quartic potential in Jordan frame). In the small 
scalar field limit, the evolution of the parameters deviate 
from standard 4D behavior. In this case, as £ increases, 
the parameters mimic the standard 4D behavior in a rela- 
tively wider domain of the scalar field values. Due to the 
shape of a quadratic potential in Einstein frame, it is im- 
possible to have inflation in the large scalar field regime. 
But, when the scalar field is confined to an intermediate 
regime, the slow-roll conditions can be satisfied and the 
inflationary phase can be occurred. We note that with 
a quadratic potential in Jordan frame, the inflationary 
phase occurs in the large scalar field regime. In this case, 
the parameter in the intermediate regime have the 4D 
behavior and in the large and small scalar field regimes 
they deviate from the standard 4D behavior consider- 
ably. Also, as £ increases, the 4D behavior of all inflation 
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potential 
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FIG. 23. The quadratic and quartic potentials versus the scalar field in Einstein frame. In this frame quadratic potential has 
a maximum and inflation can occur just for those values of the scalar field located in the left side of the maximum. 



TABLE V. Am analogy between Einstein an Jordan frame. 











Jordan frame 






Einstein frame 
























n s 


0.9667051476 
red-tilted 


0.9653928105 
red-tilted 


0.9665654212 
red-tilted 


0.9999999997 
red-tilted 


1.000000001 
blue-tilted 


0.9999999991 
red-tilted 


V 


oc ip 2 


r 


0.1575567389 


0.2094435340 


0.3137965930 


~ IO" 68 


~ io- 68 


~ IO" 69 






a 


~ -lO" 51 


~ -IO" 51 


~ -io- sl 


~ -io- 216 


~ -10~ 217 


~ -IO" 217 






n s 


1.000000000 
scale-invariant 


0.9999999999 
red-tilted 


0.9999999996 
red-tilted 


0.9999999985 
red-tilted 


0.9999999995 
red-tilted 


0.9999999995 
red-tilted 


V 


4 

OC Ifi 


r 


~ lO" 21 


~ lO" 20 


~ io- 20 


~ IO" 19 


~ 10~ 21 


~ 10" 22 






a 


~ -10~ 38 


~ -10~ 38 


~ -10~ 38 


~ -io- 162 


~ -nr 163 


~ -io- 163 



parameters lasts in a wider domain of the scalar field val- 
ues. In general, with a quartic potential in both Jordan 
and Einstein frame and with a quadratic potential just 
in Jordan frame, by increasing of £ the 4D behavior of 
parameters lasts in larger domain of the scalar field val- 
ues. But, with a quadratic potential in Einstein frame, 
4D behavior lasts in a wider domain of the scalar field 
for the smaller values of £. 

We noticed that our analysis shows that although with 
a quadratic potential in Jordan frame the slow-roll pa- 
rameters are always positive, with a quartic potential 
these parameters can be negative for some values of the 
scalar field. Of course, in Einstein frame both with 
quadratic and quatic potential, the slow-roll parameters 
can get negative values. 

We have also calculated some inflation parameters at 



the time that physical scales had crossed the horizon. 
We note that for this purpose, our analysis have been 
performed in the high energy limit (p A). Also, we 
have considered three values of £ in each case. The 
results of our analysis shows that in the warped DGP 
model with a quadratic potential in Jordan frame, the 
scalar perturbation is nearly scale invariant and red-tilted 
(0.966 < n s < 1). In this case, the value of the ten- 
sor to scalar ratio at the time of the horizon crossing is 
smaller than 0.24 (except for £ = | which has r ~ 0.31 
). The running of the scalar spectral index at the time 
of horizon crossing, is very close to zero but it is neg- 
ative as usual. So, with a quadratic potential in Jor- 
dan frame, there is relatively good agreement between 
our results and recent observation, specially for f = i 
(the result of WMAP+BAO+H Mean data shows that 
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n s = 0.968±0.012,r < 0.24(95%CL and -0.022±0.020). 
With a quartic potential in Jordan frame, for £ = i , the 
scalar perturbation is quite scale invariant. But, for other 
£, it is nearly scale invariant and red-tilted. With this po- 
tential, both the running of the spectral index and the 
tensor to scalar ratio are very close to zero. Then, we 
have found the value of n s , f and a at the horizon cross- 
ing time in Einstein frame. With a quartic potential 
in Einstein frame, the results are similar to the quartic 
potential in Jordan frame. The scalar perturbation is 
nearly scale invariant and red-tilted. Also, the running 
of the scalar perturbation and the tensor to scalar ra- 
tio are very close to zero. With a quadratic potential, 
a and f are very close to zero too. With this potential 
in Einstein frame, the scalar perturbation is nearly scale 
invariant. But, for £ = |, it is blue-tilted and for other £, 
it is red-tilted (see table IVl which summarizes all of these 
points). A careful inspection of these results shows that 
by adopting a quadratic potential and working in Jor- 
dan frame, the results of our analysis are more reliable in 
comparison with recent observations. On the other hand, 
as table [V] shows, the two frames are not equivalent gen- 
erally on physical ground. This is an important results. 
We emphasize that the distinction between the various 
conformal frames would be unphysical if one were deal- 
ing with conformal (Weyl) gravity which is conformally 
invariant. Since general relativity is not conformally in- 
variant, our discussion entails the use of compensator 
fields (like the dilaton) whose role is to basically absorb 
the violations of conformal invariance. Inclusion of such 
fields in our case helped us to address the comparative 



analysis of cosmological perturbations in the Jordan and 
Einstein frames. 

In section 8 we have considered a special case where we 
have neglected the dark radiation term in the Friedmann 
equation and therefore the condition for adiabatic per- 
turbation is satisfied. We have considered the inflation 
parameters of the model in adiabatic condition. Then 
we have repeated our analysis in the large scalar field 
regime. Since in this regime, there was no inflationary 
phase with a quadratic potential in Einstein frame, we 
have considered only a quartic potential which is nearly 
constant in the large scalar field regime. With this choice, 
the braneworld nature of the model affects the standard 
form of the slow-roll parameters (and so, other inflation 
parameters) with a constant factor. For the various val- 
ues of £, we have found the values of n s and f at the time 
of horizon crossing. The results are shown in figure 21. 
By increment of £, the scalar spectral index and tensor to 
scalar ratio is saturated to 0.906 and 0.002 respectively. 

ACKNOWLEDGMENTS 

This work has been supported financially by Research 
Institute for Astronomy and Astrophysics of Maragha 
(RIAAM) under research project No 1/2367. We are 
very grateful to two anonymous referees for very insight- 
ful comments and invaluable contribution in this work. 



Appendix A: Jordan Frame, m=l 
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Appendix B: Jordan Frame, m=2 
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Appendix C: Einstein Frame, m=l 
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Appendix D: Einstein Frame, m=2 
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